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BUBBLING SOLUTIONS FOR A PLANAR EXPONENTIAL NONLINEAR ELLIPTIC
EQUATION WITH A SINGULAR SOURCE
YIBIN ZHANG
Abstract. Let Ω be a bounded domain in R2 with smooth boundary, we study the following elliptic Dirichlet
problem 

−∆υ = eυ − sφ1 − 4piαδp − h(x) in Ω,
υ = 0 on ∂Ω,
where s > 0 is a large parameter, h ∈ C0,γ(Ω), p ∈ Ω, α ∈ (−1,+∞)\N, δp denotes the Dirac measure supported
at point p and φ1 is a positive first eigenfunction of the problem −∆φ = λφ under Dirichlet boundary condition
in Ω. If p is a strict local maximum point of φ1, we show that such a problem has a family of solutions υs with
arbitrary m bubbles accumulating to p, and the quantity
∫
Ω
eυs → 8pi(m + 1 + α)φ1(p) as s→ +∞.
Keywords: Bubbling solutions; Exponential nonlinearity; Singular source; Lyapunov-Schmidt procedure
1. Introduction
Let Ω be a bounded domain in R2 with smooth boundary. This paper deals with the analysis of solutions in
the distributional sense for the following problem involving a singular source{ −∆υ = eυ − sφ1 − 4παδp − h(x) in Ω,
υ = 0 on ∂Ω,
(1.1)
where s > 0 is a large parameter, p ∈ Ω, α ∈ (−1,+∞) \ N, δp denotes the Dirac measure supported at point
p, h ∈ C0,γ(Ω) is given, φ1 > 0 is an eigenfunction of −∆ with Dirichlet boundary condition corresponding to
the first eigenvalue λ1. Clearly, if we set ρ(x) = (−∆)−1h in H10 (Ω) and let G(x, y) be the Green’s function
associated to −∆ with Dirichlet boundary condition, namely{ −∆xG(x, y) = 8πδy(x), x ∈ Ω,
G(x, y) = 0, x ∈ ∂Ω,
(1.2)
and H(x, y) be its regular part defined as
H(x, y) = G(x, y)− 4 log 1|x− y| , (1.3)
then equation (1.1) is equivalent to solving for u = υ + sλ1φ1 +
α
2G( ·, p) + ρ, the problem −∆u = |x− p|
2αk(x)e−tφ1eu in Ω,
u = 0 on ∂Ω,
(1.4)
where k(x) = e−ρ(x)−
α
2 H(x,p) and t = s/λ1. We are interested in the existence of solutions of problem (1.4) (or
(1.1)) which exhibit the concentration phenomenon when the parameter t→ +∞.
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This work is directly motivated by the study of the regular case α = 0 in equation (1.1), namely the following
elliptic equation of Ambrosetti-Prodi type [1]:{ −∆υ = eυ − sφ1 − h(x) in Ω,
υ = 0 on ∂Ω,
(1.5)
or its equivalent form  −∆u = k(x)e
−tφ1eu in Ω,
u = 0 on ∂Ω,
(1.6)
where Ω is a bounded smooth domain in RN (N ≥ 2). In the early 1980s, Lazer and McKenna conjectured
that (1.5) has an unbounded number of solutions as s → +∞ (see [2]). When N = 2, del Pino and Muñoz [3]
proved the Lazer-McKenna conjecture for problem (1.5) by constructing non-simple bubbling solutions of (1.6)
with the following properties
k(x)e−tφ1eut ⇀ 8π
m∑
i=1
miδξi and ut =
m∑
i=1
miG(x, ξi) + o(1), (1.7)
where mi > 1 and ξi’s are distinct maxima of φ1. Surprising enough, this multiple bubbling phenomenon is in
strong opposition to a slightly modified but widely studied version of equation (1.6), namely the Liouville-type
equation or sometimes referred to as the Gelfand equation −∆u = ε
2k(x)eu in Ω,
u = 0 on ∂Ω,
(1.8)
with ε → 0, where Ω ⊂ R2 is a bounded smooth domain and k(x) ∈ C2(Ω) is a non-negative, not identically
zero function. Indeed, the asymptotic analysis in [4, 5, 6, 7] shows that if uε is an unbounded family of
solutions of equation (1.8) for which ε2
∫
Ω
k(x)euε is uniformly bounded, then, up to a subsequence, there
exists an integer m ≥ 1 such that uε makes m distinct points simple blow-up on S = {ξ1, . . . , ξm} ⊂ Ω˜ with
Ω˜ = {x ∈ Ω| k(x) > 0}, more precisely
ε2k(x)euε ⇀ 8π
m∑
i=1
δξi and uε =
m∑
i=1
G(x, ξi) + o(1). (1.9)
Also the location of m-tuple of these bubbling points can be viewed as a critical point of a functional in terms
of the Green’s function and its regular part. Conversely, the existence of solutions for equation (1.8) with
these bubbling behaviors has been founded in [8, 9, 10, 11, 12]. In particular, the construction of solutions
with arbitrary m distinct bubbling points is achieved in some special cases: for any m ≥ 1 if Ω is not simply
connected ([10]), and for any m ∈ {1, . . . , h} provided that Ω is an h-dumbell with thin handles ([11]). Finally,
we mention that in the recent paper [13], it has been proven that the Lazer-McKenna conjecture also holds true
for problem (1.5) in dimension N ≥ 3 with some symmetries, by constructing non-simple bubbling solutions to
a two-dimensional anisotropic version of (1.6).
Our motivation also directly comes from the study of a slightly modified version of equation (1.1) (or (1.4)),
namely the singular Liouville equation −∆υ = ε
2eυ − 4παδp − h(x) in Ω,
υ = 0 on ∂Ω,
(1.10)
or its equivalent form  −∆u = ε
2k(x)|x− p|2αeu in Ω,
u = 0 on ∂Ω,
(1.11)
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with Ω ⊂ R2, −1 < α 6= 0 and ε→ 0. This type of singular equation arises in the Tur-Yanovsky vortex pattern
of planar stationary Euler equations for an incompressible and homogeneous fluid [14, 15], the construction of
planar conformal metrics with conical singularity of order α [16], and the several superconductivity theories of
the self-duel regime, such as the Abelian Maxwell-Higgs and Chern-Simons-Higgs theories [17, 18].
For equation (1.10) involving α > 0, solutions with m distinct bubbling points away from the singular source
p have been founded first in [10] provided that m < 1 + α. Later in [19], this result has been extended to
the case of multiple singular sources, and more specifically, it is shown that, under suitable restrictions on the
weights, if several sources exist, then the more involved topology should generate a larger number of bubbling
solutions than the singleton case considered in [10]. However, the problem of finding solutions of (1.10)|α>0
with additional bubbles around the singular source p is of different nature. Indeed, the asymptotic analysis in
[20, 21] shows that if these solutions exist, then the bubble at the singularity provides an additional contribution
of 8π(1 + α)δp in the limit of (1.9). More precisely, if uε is an unbounded family of solutions of (1.11)|α>0 for
which ε2
∫
Ω k(x)|x − p|2αeuε is uniformly bounded and uε is unbounded in any neighborhood of p, then, up
to a subsequence, there exists an integer m ≥ 0 such that uε makes m + 1 distinct points simple blow-up on
S = {p, ξ1, . . . , ξm} ⊂ Ω, namely
ε2k(x)|x − p|2αeuε ⇀ 8π(1 + α)δp + 8π
m∑
i=1
δξi and uε = (1 + α)G(x, p) +
m∑
i=1
G(x, ξi) + o(1). (1.12)
Moreover, the location of them distinct points ξ1, . . . , ξm ∈ Ω\{p} can be characterized as a critical point of some
certain functional in terms of the Green’s function and its regular part. Reciprocally, the construction of solutions
of equation (1.10)|α>0 with bubbles around p has been carried out first in [20] for the case α ∈ (0,+∞) \ N,
later in [15] for the case α ∈ N where given any positive integer α and any sufficiently small complex number a,
it is proven that there exists a solution of equation (1.10) with h(x) ≡ 0 and δp replaced by δpa,ε for a suitable
pa,ε ∈ Ω with α+ 1 bubbling points at the vertices of a sufficiently tiny regular polygon centered in point pa,ε;
moreover pa,ε lies close to a zero point of a vector field explicitly built upon derivatives of order α + 1 of the
regular part of Green’s function of the domain. Recently, for equation (1.11) with α ∈ N and the potential k(x)
replaced by a(x)e−
1
2 (α−1)H(x,p), it has been proven in [22] that if the local potential a(x) and the geometry of
the domain satisfy some conditions at the singular source p, then there exists a solution uε bubbling only at p
and satisfying ε2
∫
Ω
a(x)e−
1
2 (α−1)H(x,p)|x− p|2αeuε → 8π(1 + α) as ε→ 0.
In the present paper, we consider the singular case of problem (1.1) (or (1.4)) involving α ∈ (−1,+∞) \ N
and try to prove the existence of its non-simple bubbling solutions in a constructive way. We find that if the
singular source p is a strict local maximum point of φ1 in the domain, then problem (1.4) (or (1.1)) has a family
of solutions with the accumulation of arbitrarily many bubbles at source p. This can be stated as following:
Theorem 1.1. Let α ∈ (−1,+∞) \ N and assume that p is a strict local maximum point of φ1(x) in Ω. Then
for any integer m ≥ 1, there exists tm > 0 such that for any t > tm, problem (1.4) has a family of solutions ut
satisfying
ut(x) =
[
log
1
(ε20,tµ
2
0,t + |x− p|2(1+α))2
+ (1 + α)H(x, p)
]
+
m∑
i=1
[
log
1
(ε2i,tµ
2
i,t + |x− ξi,t|2)2
+H(x, ξi,t)
]
+ o(1),
where o(1) → 0, as t → +∞, uniformly on each compact subset of Ω \ {p, ξ1,t, . . . , ξm,t}, the parameters ε0,t,
εi,t, µ0,t and µi,t satisfy
ε0,t = e
− 12 tφ1(p), εi,t = e−
1
2 tφ1(ξi,t),
1
C
≤ µ0,t ≤ Ct2mβ , 1
C
≤ µi,t ≤ Ct(2m+α)β ,
for some C > 0, and (ξ1,t, . . . , ξm,t) ∈ Ωm satisfies
ξi,t → p for all i, and |ξi,t − ξj,t| > t−β ∀ i 6= j,
with β = 12 (m+ 1)(m+ 1 + α).
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The equivalent result for problem (1.1) can be stated in the following form.
Theorem 1.2. Let α ∈ (−1,+∞) \ N and assume that p is a strict local maximum point of φ1(x) in Ω. Then
for any integer m ≥ 1 and any s large enough, there exists a family of solutions υs of problem (1.1) with m
distinct bubbles accumulating to p. Moreover,
lim
s→+∞
∫
Ω
eυs = 8π(m+ 1 + α)φ1(p).
Moreover, for the case m = 0, we have the corresponding results for problems (1.1) and (1.4), respectively.
Theorem 1.3. Let α ∈ (−1,+∞) \ N. Then there exists t0 > 0 such that for any t > t0, problem (1.4) has a
family of solutions ut such that as t tends to +∞,
ut(x) =
[
log
1
(µ20e
−tφ1(p) + |x− p|2(1+α))2 + (1 + α)H(x, p)
]
+ o(1),
uniformly on each compact subset of Ω \ {p}, where the parameter µ0 satisfies 1/C ≤ µ0 ≤ C for some C > 0.
Theorem 1.4. Let α ∈ (−1,+∞) \ N. Then for any s large enough, there always exists a family of solutions
υs of problem (1.1) such that
lim
s→+∞
∫
Ω
eυs = 8π(1 + α)φ1(p).
According to Theorems 1.1 and 1.2, it follows that if the singular source p is an isolated local maximum point of
φ1, then for any integer m ≥ 1 there exists a family of solutions of problem (1.4) which exhibits the phenomenon
of m+ 1-bubbling at p, namely, |x− p|2αk(x)e−tφ1eut ⇀ 8π(m+ 1+ α)δp and ut = (m+ 1+ α)G(x, p) + o(1).
While for the case m = 0, by arguing exactly along the sketch of the proof of Theorem 1.1 we can prove the
corresponding results in Theorems 1.3 and 1.4, and further find that problem (1.4) should always admit a family
of solutions blowing up at the singular source p whether p is an isolated local maximum point of φ1 or not.
The strategy for proving our main results relies on a very well-known Lyapunov-Schmidt reduction procedure.
In Section 2 we exactly describe the ansatz for the solution of problem (1.4) and rewrite problem (1.4) in terms
of a linearized operator for which a solvability theory, subject to suitable orthogonality conditions, is performed
through solving a linearized problem in Section 3. In Section 4 we solve a nonlinear projected problem. In
Section 5 we set up a maximization problem. In the last section we show that the solution to the maximization
problem indeed yields a solution of problem (1.4) with the qualitative properties as predicted in Theorem 1.1.
Throughout this paper, the symbol C will always denote a generic positive constant independent of t, it could
be changed from one line to another.
2. Ansatz for the solution
In this section we will provide an ansatz for solutions of problem (1.4). For the sake of convenience we always
fix the point p as an isolated local maximum point of φ1 in Ω, and further assume
φ1(p) = 1. (2.1)
The configuration space for m concentration points ξ = (ξ1, . . . , ξm) we try to seek is the following
Ot :=
{
ξ = (ξ1, . . . , ξm) ∈
(
Bd(p)
)m ∣∣∣∣ |ξi − p| ≥ 1tβ , |ξi − ξj | ≥ 1tβ , 1− φ1(ξi) ≤ 1√t ,
i, j = 1, . . . ,m, i 6= j}, (2.2)
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where d > 0 is a sufficiently small but fixed number, independent of t, and β is given by
β =
(m+ 1)(m+ 1 + α)
2
. (2.3)
Let us fix ξ ∈ Ot. For numbers µ0 > 0 and µi > 0, i = 1, . . . ,m, yet to be determined, we define
u0(x) = log
8µ20(1 + α)
2
k(p)(ε20µ
2
0 + |x− p|2(1+α))2
, ui(x) = log
8µ2i
k(ξi)|ξi − p|2α(ε2iµ2i + |x− ξi|2)2
, (2.4)
which satisfy in entire R2
−∆u0 = ε20k(p)|x− p|2αeu0 , −∆ui = ε2i k(ξi)|ξi − p|2αeui , (2.5)
having the properties∫
R2
ε20k(p)|x− p|2αeu0 = 8π(1 + α),
∫
R2
ε2i k(ξi)|ξi − p|2αeui = 8π, (2.6)
where
ε0 = ε0(t) ≡ e− 12 t, εi = εi(t) ≡ e− 12 tφ1(ξi). (2.7)
Our ansatz is then
U(x) :=
m∑
i=0
Ui(x) =
m∑
i=0
[
ui(x) +Hi(x)
]
, (2.8)
where Hi(x) is a correction term defined as the solution of{
∆Hi = 0 in Ω,
Hi = −ui on ∂Ω.
(2.9)
Lemma 2.1. For any points ξ = (ξ1, . . . , ξm) ∈ Ot and any t large enough, then we have
H0(x) = (1 + α)H(x, p) − log 8µ
2
0(1 + α)
2
k(p)
+O
(
ε20µ
2
0
)
, (2.10)
Hi(x) = H(x, ξi)− log 8µ
2
i
k(ξi)|ξi − p|2α +O
(
ε2iµ
2
i
)
, i = 1, . . . ,m, (2.11)
uniformly in Ω, where H is the regular part of Green’s function defined in (1.3).
Proof. If we set z(x) = H0(x) − (1 + α)H(x, p) + log 8µ
2
0(1+α)
2
k(p) , then z(x) is a harmonic function. Hence by
(1.3), (2.4), (2.9) and the maximum principle,
max
x∈Ω
∣∣z(x)∣∣ = max
x∈∂Ω
∣∣∣∣−u0(x) − 4(1 + α) log |x− p|+ log 8µ20(1 + α)2k(p)
∣∣∣∣
= max
x∈∂Ω
∣∣∣∣log 1|x− p|4(1+α) − log 1(ε20µ20 + |x− p|2(α+1))2
∣∣∣∣ = O (ε20µ20) ,
uniformly in Ω, as s → +∞, which implies that expansion (2.10) holds. Furthermore, expansion (2.11) can be
also obtained along these analogous arguments of (2.10). 
Observe that u0 and ui, i = 1, . . . ,m are good approximations for a solution of problem (1.4) near points
p and ξi, i = 1, . . . ,m, respectively. We expect that the ansatz in (2.8) is more accurate near p and each ξi,
namely the remainders U − u0 = H0 +
∑
j 6=0(uj + Hj) and U − ui = Hi +
∑
j 6=i(uj + Hj) vanish at main
order near p or ξi, respectively. This can be achieved through the following precise choices of the concentration
parameters µ0 and µi:
log
8µ20(1 + α)
2
k(p)
= (1 + α)H(p, p) +
m∑
j=1
G(p, ξj), (2.12)
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log
8µ2i
k(ξi)|ξi − p|2α = H(ξi, ξi) + (1 + α)G(ξi, p) +
m∑
j=1, j 6=i
G(ξi, ξj), i = 1, . . . ,m. (2.13)
We thus fix µ0 and µi a priori as functions of ξ in Ot and write µ0 = µ0(ξ) and µi = µi(ξ) for all i = 1, . . . ,m.
Since ξ = (ξ1, . . . , ξm) ∈ Ot, there exists a constant C > 0 independent of t such that
1
C
≤ µ0 ≤ Ct2mβ and
∣∣∂ξkl logµ0∣∣ ≤ Ctβ , ∀ k = 1, . . . ,m, l = 1, 2, (2.14)
and
1
C
≤ µi ≤ Ct(2m+α)β and
∣∣∂ξkl logµi∣∣ ≤ Ctβ , ∀ i, k = 1, . . . ,m, l = 1, 2. (2.15)
Consider now the change of variables
ω(y) = u(ε0y)− 2t ∀ y ∈ Ωt, (2.16)
with
Ωt = ε
−1
0 Ω = e
1
2 tΩ,
then u(x) solves equation (1.4) if and only if ω(y) satisfies −∆ω = |ε0y − p|
2αq(y, t)eω in Ωt,
ω = −2t on ∂Ωt,
(2.17)
where
q(y, t) ≡ k(ε0y) exp
{−t[φ1(ε0y)− 1]} . (2.18)
Let us write p′ = p/ε0 and ξ′i = ξi/ε0, i = 1, . . . ,m, and define the initial approximate solution of (2.17) as
V (y) = U(ε0y)− 2t, (2.19)
where U is defined in (2.8). Moreover, set
W (y) = |ε0y − p|2αq(y, t)eV (y), (2.20)
and the “error term”
E(y) = ∆V (y) + |ε0y − p|2αq(y, t)eV (y). (2.21)
Let us see how well −∆V (y) match with W (y) through V (y) so that the “error term” E(y) is sufficiently
small for any y ∈ Ωt. A simple computation shows that
−∆V (y) = −ε20∆xU(x) = −ε20
m∑
i=0
∆xUi(x) = −ε20
m∑
i=0
∆x
[
ui(x) +Hi(x)
]
= ε40k(p)|x− p|2αeu0 + ε20
m∑
i=1
ε2i k(ξi)|ξi − p|2αeui
=
8ε40µ
2
0(1 + α)
2|x− p|2α
(ε20µ
2
0 + |x− p|2(1+α))2
+
m∑
i=1
8ε20ε
2
iµ
2
i
(ε2iµ
2
i + |x− ξi|2)2
=
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2 +
m∑
i=1
1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 , (2.22)
where
ρ0 := ε
1
1+α
0 = exp
{
− 1
2(1 + α)
t
}
, v0 := µ
1
1+α
0 , γi :=
1
ε0
εiµi = µi exp
{
−1
2
t
[
φ1(ξi)− 1
]}
. (2.23)
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Then if |y − ξ′i| ≤ 1/(ε0t2β) for some index i ∈ {1, . . . ,m},
−∆V (y) = 1
γ2i
8(
1 +
∣∣y−ξ′i
γi
∣∣2)2 +O (ε40µ20t(4+2α)β)+
m∑
j=1, j 6=i
O
(
ε20ε
2
jµ
2
j t
4β
)
, (2.24)
and if |y − p′| ≤ 1/(ε0t2β),
−∆V (y) =
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2 +
m∑
j=1
O
(
ε20ε
2
jµ
2
j t
4β
)
, (2.25)
while if |y − p′| > 1/(ε0t2β) and |y − ξ′i| > 1/(ε0t2β) for all i = 1, . . . ,m,
−∆V (y) = O
(
ε40µ
2
0t
(8+4α)β
)
+
m∑
j=1
O
(
ε20ε
2
jµ
2
j t
8β
)
. (2.26)
On the other hand, let us first fix the index i ∈ {1, . . . ,m} and the region |y − ξ′i| ≤ 1/(ε0t2β). Then we have
W (y) = ε40|ε0y − p|2αq(y, t) exp

m∑
j=0
[
uj(ε0y) +Hj(ε0y)
]
= ε40k(ε0y)|ε0y − p|2α exp
{
−t[φ1(ε0y)− 1]+ log 8µ2i
k(ξi)|ξi − p|2α(ε2iµ2i + ε20|y − ξ′i|2)2
+Hi(ε0y) +
m∑
j=0, j 6=i
[
uj(ε0y) +Hj(ε0y)
]
=
1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 × k(ε0y)k(ξi) × |ε0y − p|
2α
|ξi − p|2α × exp
{−t[φ1(ε0y)− φ1(ξi)]}
× exp
Hi(ε0y) +
m∑
j=0, j 6=i
[
uj(ε0y) +Hj(ε0y)
] . (2.27)
From (2.4), (2.10), (2.11) and the fact that H(·, x) is C1(Ω) for any x ∈ Ω, we have that for |y− ξ′i| ≤ 1/(ε0t2β),
Hi(ε0y) +
m∑
j=0, j 6=i
[
uj(ε0y) +Hj(ε0y)
]
= H(ξi, ξi)− log 8µ
2
i
k(ξi)|ξi − p|2α + (1 + α)
[
log
1
|ξi − p|4 +H(ξi, p) +O
( |ε0y − ξi|
|ξi − p| +
ε20µ
2
0
|ξi − p|2(1+α)
)]
+
m∑
j=1, j 6=i
[
log
1
|ξi − ξj |4 +H(ξi, ξj) +O
(
|ε0y − ξi|
|ξi − ξj | +
ε2jµ
2
j
|ξi − ξj |2
)]
+O (ε0|y − ξ′i|) +
m∑
j=0
O
(
ε2jµ
2
j
)
= H(ξi, ξi)− log 8µ
2
i
k(ξi)|ξi − p|2α + (1 + α)G(ξi, p) +
m∑
j=1, j 6=i
G(ξi, ξj) +O
(
ε0t
β |y − ξ′i|
)
+O
(
ε2iµ
2
i
)
+O
(
ε20µ
2
0t
2β(1+α)
)
+
m∑
j=1, j 6=i
O
(
ε2jµ
2
j t
2β
)
= O
(
ε0t
β |y − ξ′i|
)
+O
(
ε2iµ
2
i
)
+O
(
ε20µ
2
0t
2β(1+α)
)
+
m∑
j=1, j 6=i
O
(
ε2jµ
2
j t
2β
)
,
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where the last equality is due to the choice of µi in (2.13). Thus if |y− ξ′i| ≤ 1/(ε0t2β) for some i ∈ {1, . . . ,m},
W (y) =
1
γ2i
8(
1 +
∣∣y−ξ′i
γi
∣∣2)2
1 +O(ε0tβ |y − ξ′i|)+O(ε2iµ2i )+O(ε20µ20t2β(1+α))+
m∑
j=1, j 6=i
O
(
ε2jµ
2
j t
2β
) , (2.28)
and by (2.24),
E(y) =
1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2
O (ε0tβ |y − ξ′i|)+O (ε2iµ2i )+O (ε20µ20t2β(1+α))+
m∑
j=1, j 6=i
O
(
ε2jµ
2
j t
2β
)
+O
(
ε40µ
2
0t
(4+2α)β
)
+
m∑
j=1, j 6=i
O
(
ε20ε
2
jµ
2
j t
4β
)
. (2.29)
Similarly, if |y − p′| ≤ 1/(ε0t2β), by (2.1), (2.4), (2.10), (2.11) and (2.12) we can compute
W (y) =
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2
1 +O (ε0tβ|y − p′|)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
) , (2.30)
and by (2.25),
E(y) =
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2
O (ε0tβ |y − p′|)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
)
+
m∑
j=1
O
(
ε20ε
2
jµ
2
j t
4β
)
. (2.31)
While if |y − p′| > 1/(ε0t2β) and |y − ξ′i| > 1/(ε0t2β) for all i = 1, . . . ,m, by (2.4), (2.10) and (2.11) we obtain
W (y) = O
(
ε20e
−tφ1(ε0y)
|ε0y − p|4+2α
m∏
i=1
1
|ε0y − ξi|4
)
. (2.32)
Then by (2.26),
E(y) = O
(
ε20e
−tφ1(ε0y)
|ε0y − p|4+2α
m∏
i=1
1
|ε0y − ξi|4
)
+O
(
ε40µ
2
0t
(8+4α)β
)
+
m∑
j=1
O
(
ε20ε
2
jµ
2
j t
8β
)
. (2.33)
In what remains of this paper we will seek solutions of problem (2.17) in the form ω = V + φ, where φ will
represent a lower order correction. In terms of φ, problem (2.17) becomes{L(φ) := −∆φ−Wφ = E +N(φ) in Ωt,
φ = 0 on ∂Ωt,
(2.34)
where the “nonlinear term” is given by
N(φ) = W
(
eφ − 1− φ). (2.35)
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3. Solvability of a linear problem
In this section we consider the solvability of the following linear problems: given h ∈ L∞(Ωt) and points
ξ = (ξ1, . . . , ξm) ∈ Ot, we find a function φ such that for certain scalars cij , i = 1, . . . ,m, j = 1, 2, one has
L(φ) = −∆φ−Wφ = h+
m∑
i=1
2∑
j=1
cijχiZij in Ωt,
φ = 0 on ∂Ωt,∫
Ωt
χiZijφ = 0 ∀ i = 1, . . . ,m, j = 1, 2,
(3.1)
where W = |ε0y − p|2αq(y, t)eV satisfies (2.28), (2.30) and (2.32), and Zij , χi are defined as follows. Let Zp,
Z0, Z1 and Z2 be
Zp(z) = |z|
2(1+α) − 1
|z|2(1+α) + 1 , Z0(z) =
|z|2 − 1
|z|2 + 1 , Zj(z) =
4zj
|z|2 + 1 , j = 1, 2. (3.2)
It is well known that
• any bounded solution to
∆φ+
8(1 + α)2|z|2α
(1 + |z|2(1+α))2φ = 0 in R
2, (3.3)
where −1 < α 6∈ N, is proportional to Zp (see [20, 23, 24]);
• any bounded solution to
∆φ+
8
(1 + |z|2)2 φ = 0 in R
2, (3.4)
is a linear combination of Zj , j = 0, 1, 2 (see [8, 9]).
Then we define
Zp(y) =
ε0
ρ0v0
Zp
(
ε0y − p
ρ0v0
)
and Zij(y) =
1
γi
Zj
(
y − ξ′i
γi
)
, i = 1, . . . ,m, j = 0, 1, 2. (3.5)
Next, we consider a large but fixed positive number R0 and set a radial, smooth non-increasing cut-off
function χ(r) with 0 ≤ χ(r) ≤ 1, χ(r) = 1 for r ≤ R0 and χ(r) = 0 for r ≥ R0 + 1. Let
χp(y) = χ
(∣∣ε0y − p∣∣
ρ0v0
)
and χi(y) = χ
(∣∣y − ξ′i∣∣
γi
)
, i = 1, . . . ,m. (3.6)
Equation (3.1) will be solved for h ∈ L∞(Ωt), but we need to estimate the size of the solution in terms of
the following L∞-weighted norm:
‖h‖∗ :=
∥∥∥∥∥∥∥
ε20 + ( ε0ρ0v0
)2 ∣∣ε0y−p
ρ0v0
∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣)4+2αˆ+2α +
m∑
i=1
1
γ2i
1(
1 +
∣∣ y−ξ′i
γi
∣∣)4+2αˆ
−1 h(y)
∥∥∥∥∥∥∥
L∞(Ωt)
, (3.7)
where αˆ+1 is a sufficiently small but fixed positive number, independent of t, such that−1 < αˆ < min{α, −2/3}.
Proposition 3.1. Let m be a positive integer. Then there exist constants tm > 1 and C > 0 such that for any
t > tm, any points ξ = (ξ1, . . . , ξm) ∈ Ot and any h ∈ L∞(Ωt), there is a unique solution φ ∈ L∞(Ωt), cij ∈ R,
i = 1, . . . ,m, j = 1, 2 to problem (3.1). Moreover
‖φ‖L∞(Ωt) ≤ Ct‖h‖∗. (3.8)
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Proof. The proof of this result consists of five steps which we state and prove next.
Step 1: The operator L satisfies the maximum principle in Ω˜t := Ωt \
[⋃m
i=1BR1γi(ξ
′
i) ∪ BR1ρ0v0/ε0(p′) ∪
Bc2d/ε0(p
′)
]
for R1 large but d small independent of p, namely if ψ satisfies L(ψ) = −∆ψ−Wψ ≥ 0 in Ω˜t, ψ ≥ 0
on ∂Ω˜t, then ψ ≥ 0 in Ω˜t. In order to prove it, we shall first find a function Z such that L(Z) > 0 and Z > 0
in Ω˜t. Indeed, let
Z(y) = Ψ0(ε0y) + Ẑp
(
a
∣∣∣∣ε0y − pρ0v0
∣∣∣∣)+ m∑
i=1
Z0
(
a
∣∣∣∣y − ξ′iγi
∣∣∣∣) , (3.9)
where a > 0, Ψ0 satisfies −∆Ψ0 = 1 in Ω, Ψ0 = 2 on ∂Ω, Z0 is defined in (3.2) and
Ẑp(z) = |z|
2(1+αˆ) − 1
|z|2(1+αˆ) + 1 .
Observe that
−∆Z = ε20 +
(
ε0
ρ0v0
)2 8a2(1 + αˆ)2∣∣a ε0y−pρ0v0 ∣∣2αˆ(
1 +
∣∣a ε0y−pρ0v0 ∣∣2(1+αˆ))2 Ẑp
(
a
∣∣∣∣ε0y − pρ0v0
∣∣∣∣)+ m∑
i=1
1
γ2i
8a2(
1 +
∣∣a y−ξ′iγi ∣∣2)2Z0
(
a
∣∣∣∣y − ξ′iγi
∣∣∣∣) .
Then if 31/(2+2αˆ)ρ0v0/(aε0) ≤
∣∣y − p′∣∣ ≤ 1/(ε0t2β), by (2.30),
L(Z) ≥
(
ε0
ρ0v0
)2
a2
4(1 + αˆ)2
∣∣a ε0y−pρ0v0 ∣∣2αˆ(
1 +
∣∣a ε0y−pρ0v0 ∣∣2(1+αˆ))2 −W‖Z‖∞
≥
(
ε0
ρ0v0
)2
(1 + αˆ)2
a2(1+αˆ)
∣∣ ε0y−p
ρ0v0
∣∣4+2αˆ −
(
ε0
ρ0v0
)2 8C(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2
≥
(
ε0
ρ0v0
)2
1∣∣ε0y−p
ρ0v0
∣∣4+2αˆ
 (1 + αˆ)2
a2(1+αˆ)
− 8C(1 + α)
2∣∣ε0y−p
ρ0v0
∣∣2(α−αˆ)
 .
Similarly, if 31/2γi/a ≤
∣∣y − ξ′i∣∣ ≤ 1/(ε0t2β) for some index i ∈ {1, . . . ,m}, by (2.28),
L(Z) ≥ 1
γ2i
1∣∣ y−ξ′i
γi
∣∣4
(
1
a2
− 8C
)
.
While if 1/(ε0t
2β) < |y − p′| < 2d/ε0 and |y − ξ′i| > 1/(ε0t2β) for all i = 1, . . . ,m, by (2.32),
L(Z) ≥ ε20 +
(
ε0
ρ0v0
)2
(1 + αˆ)2
a2(1+αˆ)
∣∣ε0y−p
ρ0v0
∣∣4+2αˆ +
m∑
i=1
1
γ2i
1
a2
∣∣ y−ξ′i
γi
∣∣4 − C ε20e−tφ1(ε0y)|ε0y − p|4+2α
m∏
i=1
1
|ε0y − ξi|4 .
Hence if a is taken sufficiently small but fixed, and R1 is chosen sufficiently large depending on this a, then by
(2.23) we can easily conclude that L(Z) > 0 in Ω˜t.
Next, we suppose that the operator L does not satisfy the maximum principle in Ω˜t. Since Z > 0 in Ω˜t, it
follows that the function ψ/Z has a negative minimum point y0 in Ω˜t. A direct computation gives
−∆
(
ψ
Z
)
=
1
Z2
[ZL(ψ)− ψL(Z)] + 2Z∇Z∇
(
ψ
Z
)
.
Then −∆(ψ/Z)(y0) > 0, which contradicts to the fact that y0 is a minimum point of ψ/Z in Ω˜t.
Step 2: Let R1 be as before. Since ξ = (ξ1, . . . , ξm) ∈ Ot, ρ0v0 = o(1/t2β) and ε0γi = o(1/t2β) for t large
enough, we find BR1ρ0v0/ε0(p
′) and BR1γi(ξ
′
i), i = 1, . . . ,m, disjointed and included in Ωt. Let us consider the
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following norm
‖φ‖∗∗ = sup
y∈⋃mi=1 BR1γi (ξ′i)∪BR1ρ0v0/ε0(p′)∪(Ωt\B2d/ε0(p′)) |φ|(y). (3.10)
We claim that there is a constant C > 0 independent of t such that, if φ is the solution of the linear equation{L(φ) = −∆φ−Wφ = h in Ωt,
φ = 0 on ∂Ωt,
(3.11)
then
‖φ‖L∞(Ωt) ≤ C (‖φ‖∗∗ + ‖h‖∗) , (3.12)
for any h ∈ L∞(Ωt) and any points ξ = (ξ1, . . . , ξm) ∈ Ot. We will establish this estimate with the use of
suitable barriers. Let M be a large number such that Ω ⊂ B(p,M) and Ω ⊂ B(ξi,M) for all i = 1, . . . ,m.
Consider ψ0 and ψi, i = 1, . . . ,m, respectively, as the solutions of the problems
−∆ψ0 =
(
ε0
ρ0v0
)2
4∣∣ ε0y−p
ρ0v0
∣∣4+2αˆ + 4ε20, R1 <
∣∣∣∣ε0y − pρ0v0
∣∣∣∣ < Mρ0v0 ,
ψ0(y) = 0, for
∣∣∣∣ε0y − pρ0v0
∣∣∣∣ = R1, ∣∣∣∣ε0y − pρ0v0
∣∣∣∣ = Mρ0v0 .
and 
−∆ψi = 1
γ2i
4∣∣y−ξ′i
γi
∣∣4+2αˆ + 4ε20, R1 <
∣∣∣∣y − ξ′iγi
∣∣∣∣ < Mε0γi ,
ψi(y) = 0, for
∣∣∣∣y − ξ′iγi
∣∣∣∣ = R1, ∣∣∣∣y − ξ′iγi
∣∣∣∣ = Mε0γi .
Then the solutions ψ0 and ψi, i = 1, . . . ,m, are the positive functions, respectively given by
ψ0(y) =−
 1
(1 + αˆ)2
1∣∣ ε0y−p
ρ0v0
∣∣2(1+αˆ) + ρ20v20
∣∣∣∣ε0y − pρ0v0
∣∣∣∣2
+ [ 1
(1 + αˆ)2
1
R
2(1+αˆ)
1
+R21ρ
2
0v
2
0
]
− 1
(1 + αˆ)2
(
1
R
2(1+αˆ)
1
− (ρ0v0)
2(1+αˆ)
M2(1+αˆ)
)
log
∣∣ ε0y−p
R1ρ0v0
∣∣
log MR1ρ0v0
+
(
M2 −R21ρ20v20
) log ∣∣ ε0y−pR1ρ0v0 ∣∣
log MR1ρ0v0
,
ψi(y) =−
 1
(1 + αˆ)2
1∣∣ y−ξ′i
γi
∣∣2(1+αˆ) + ε20γ2i
∣∣∣∣y − ξ′iγi
∣∣∣∣2
+ [ 1
(1 + αˆ)2
1
R
2(1+αˆ)
1
+R21ε
2
0γ
2
i
]
− 1
(1 + αˆ)2
(
1
R
2(1+αˆ)
1
− (ε0γi)
2(1+αˆ)
M2(1+αˆ)
)
log
∣∣∣y−ξ′iR1γi ∣∣∣
log MR1ε0γi
+
(
M2 −R21ε20γ2i
) log ∣∣∣y−ξ′iR1γi ∣∣∣
log MR1ε0γi
, i = 1, . . . ,m.
Clearly, the functions ψ0 and ψi, i = 1, . . . ,m, are uniformly bounded from above by a constant independent of
t. Let us consider the function Z(y) defined in the previous step. We take the barrier
φ˜(y) = 2‖φ‖∗∗Z(y) + ‖h‖∗
m∑
i=0
ψi(y). (3.13)
Choosing R1 larger if necessary, we have that for y ∈
⋃m
i=1 ∂BR1γi(ξ
′
i)∪ ∂BR1ρ0v0/ε0(p′)∪ ∂B2d/ε0(p′), by (3.9),(
φ˜± φ)(y) ≥ 2‖φ‖∗∗Z(y)± φ(y) ≥ ‖φ‖∗∗ ± φ(y) ≥ |φ(y)| ± φ(y) ≥ 0,
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and for y ∈ Ωt \
[⋃m
i=1 BR1γi(ξ
′
i) ∪BR1ρ0v0/ε0(p′) ∪Bc2d/ε0(p′)
]
, by (2.28), (2.30), (2.32) and (3.7),
L(φ˜± φ)(y) ≥‖h‖∗ m∑
i=0
L(ψi)(y)± h(y) = ‖h‖∗
{
−
m∑
i=0
∆ψi(y)−W
m∑
i=0
ψi(y)
}
± h(y)
≥‖h‖∗

(
ε0
ρ0v0
)2
4∣∣ ε0y−p
ρ0v0
∣∣4+2αˆ +
m∑
i=1
1
γ2i
4∣∣y−ξ′i
γi
∣∣4+2αˆ + 4(m+ 1)ε20
− C
( ε0
ρ0v0
)2 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2 +
m∑
i=1
1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 + ε20t4β(2m+2+α)e−tφ1(ε0y)
± h(y)
≥|h(y)| ± h(y) ≥ 0.
By the maximum principle in the previous step we obtain that −φ˜ ≤ φ ≤ φ˜ in Ω˜t = Ωt \
[⋃m
i=1 BR1γi(ξ
′
i) ∪
BR1ρ0v0/ε0(p
′) ∪Bc2d/ε0(p′)
]
, which combined with (3.13) gives estimate (3.12).
Step 3: Take R0 = 2R1, R1 being the constant in the previous two steps. We prove uniform a priori
estimates for solutions φ of equation (3.11), when h ∈ L∞(Ωt) and φ satisfies more orthogonality conditions
than those of (3.1) in the following way∫
Ωt
χpZpφ = 0 and
∫
Ωt
χiZijφ = 0, i = 1, . . . ,m, j = 0, 1, 2. (3.14)
Namely, we prove that there exists a constant C > 0 independent of t such that for any h ∈ L∞(Ωt) and any
points ξ = (ξ1, . . . , ξm) ∈ Ot,
‖φ‖L∞(Ωt) ≤ C‖h‖∗, (3.15)
for t large enough. By contradiction, assume that there are sequences of parameters tn → +∞, points
ξn = (ξn1 , . . . , ξ
n
m) ∈ Otn , functions hn, Wn and associated solutions φn of equation (3.11) with orthogonal-
ity conditions (3.14) such that
‖φn‖L∞(Ωtn ) = 1 and ‖hn‖∗ → 0, as n→ +∞. (3.16)
Let us set
φ̂npc(x) = φn
(
x/εn0
)
, ĥnpc(x) = hn
(
x/εn0
)
for all x ∈ Ω \B2d(p),
and
φ̂np (z) = φn
(
(ρn0 v
n
0 z + p)/ε
n
0
)
, ĥnp (z) = hn
(
(ρn0v
n
0 z + p)/ε
n
0
)
,
and for all i = 1, . . . ,m,
φ̂ni (z) = φn
(
γni z + (ξ
n
i )
′), ĥni (z) = hn(γni z + (ξni )′),
where µn =
(
µn0 , µ
n
1 , . . . , µ
n
m
)
, εn0 = exp
{− 12 tn}, εni = exp{− 12 tnφ1(ξni )}, ρn0 = (εn0 ) 11+α = exp{− 12(1+α) tn},
vn0 = (µ
n
0 )
1
1+α and γni =
1
εn0
εni µ
n
i = µ
n
i exp
{− 12 tn[φ1(ξni )− 1]}. First, using the expansion of Wn in (2.32), we
have that φ̂npc(x) satisfies
−∆φ̂npc(x) +O
(
e−tnφ1(x)
|x− p|4+2α
m∏
i=1
1
|x− ξni |4
)
φ̂npc(x) =
(
1
εn0
)2
ĥnpc(x) in Ω \B2d(p),
φ̂npc(x) = 0 on ∂Ω.
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By the definition of the ‖ · ‖∗-norm in (3.7) we find that
(
1
εn0
)2∣∣ĥnpc(x)∣∣ ≤ C‖hn‖∗ → 0 uniformly in Ω \B2d(p).
Obviously, elliptic regularity theory implies that φ̂npc converges uniformly in Ω \B2d(p) to a trivial solution φ̂∞pc ,
namely φ̂∞pc ≡ 0 in Ω \B2d(p).
Next, using the expansion of Wn in (2.30), we find that φ̂
n
p (z) satisfies
−∆φ̂np (z)−
8(1 + α)2
∣∣z∣∣2α(
1 +
∣∣z∣∣2(1+α))2 [1 +O (ρn0vn0 tβn|z|)+ o (1)] φ̂np (z) =
(
ρn0 v
n
0
εn0
)2
ĥnp (z)
for any z ∈ BR0+2(0). Thanks to the definition of the ‖ · ‖∗-norm in (3.7), we have that for any q ∈
(
1,−1/αˆ),(ρn0 vn0
εn0
)2
ĥnp → 0 in Lq
(
BR0+2(0)
)
. Since 8(1+α)
2|z|2α
(1+|z|2(1+α))2 is bounded in L
q
(
BR0+2(0)
)
, elliptic regularity theory
readily implies that φ̂np converges uniformly over compact subsets near the origin to a bounded solution φ̂
∞
p of
equation (3.3), which satisfies ∫
R2
χZpφ̂∞p = 0. (3.17)
Then φ̂∞p is proportional to Zp. Since
∫
R2
χZ2p > 0, by (3.17) we deduce that φ̂∞p ≡ 0 in BR1(0).
Finally, using the expansion ofWn in (2.28) and elliptic regularity, we can derive that for each i ∈ {1, . . . ,m},
φ̂ni converges uniformly over compact subsets near the origin to a bounded solution φ̂
∞
i of equation (3.4), which
satisfies ∫
R2
χZj φ̂∞i = 0 for j = 0, 1, 2. (3.18)
Then φ̂∞i is a linear combination of Zj , j = 0, 1, 2. Notice that
∫
R2
χZjZl = 0 for j 6= l and
∫
R2
χZ2j > 0. Hence
(3.18) implies φ̂∞i ≡ 0 in BR1(0). As a consequence, by definition (3.10) we find limn→+∞ ‖φn‖∗∗ = 0. But
(3.12) and (3.16) tell us lim infn→+∞ ‖φn‖∗∗ > 0, which is a contradiction.
Step 4: We establish uniform a priori estimates for solutions φ to equation (3.11), when h ∈ L∞(Ωt) and φ
only satisfies the orthogonality conditions in (3.1)∫
Ωt
χiZijφ = 0, i = 1, . . . ,m, j = 1, 2. (3.19)
More precisely, we prove that there exists a constant C > 0 independent of t such that for any h ∈ L∞(Ωt) and
any points ξ = (ξ1, . . . , ξm) ∈ Ot,
‖φ‖L∞(Ωt) ≤ Ct‖h‖∗, (3.20)
for t large enough.
Let R > R0 + 1 be a large but fixed number. Set
Ẑp(y) = Zp(y)− ε0
ρ0v0
+ apG(ε0y, p), Ẑi0(y) = Zi0(y)− 1
γi
+ ai0G(ε0y, ξi), (3.21)
where
ap =
ε0
ρ0v0
[
H(p, p)− 4 log(ρ0v0R)
] , ai0 = 1
γi
[
H(ξi, ξi)− 4 log(ε0γiR)
] . (3.22)
Note that by estimates (2.14)-(2.15), and definitions (2.2), (2.7) and (2.23),
C1| log ε0| ≤ − log(ρ0v0R) ≤ C2| log ε0|, C1| log εi| ≤ − log(ε0γiR) ≤ C2| log εi|, (3.23)
and
Ẑp(y) = O
(
ε0G(ε0y, p)
ρ0v0| log ε0|
)
, Ẑi0(y) = O
(
G(ε0y, ξi)
γi| log εi|
)
. (3.24)
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Let η1 and η2 be radial smooth cut-off functions in R
2 such that
0 ≤ η1 ≤ 1; |∇η1| ≤ C inR2; η1 ≡ 1 inBR(0); η1 ≡ 0 inR2 \BR+1(0);
0 ≤ η2 ≤ 1; |∇η2| ≤ C inR2; η2 ≡ 1 inB3d(0); η2 ≡ 0 inR2 \B6d(0),
where d > 0 can be chosen as a sufficiently small but fixed number independent of t such that B9d(p) ⊂ Ω. Set
ηp1(y) = η1
(∣∣ε0y − p∣∣
ρ0v0
)
, ηi1(y) = η1
(∣∣y − ξ′i∣∣
γi
)
, (3.25)
and
ηp2(y) = η2
(
ε0
∣∣y − p′∣∣) , ηi2(y) = η2 (ε0∣∣y − ξ′i∣∣) . (3.26)
We define the two test functions
Z˜p = ηp1Zp + (1 − ηp1)ηp2Ẑp, Z˜i0 = ηi1Zi0 + (1− ηi1)ηi2Ẑi0. (3.27)
Given φ satisfying (3.11) and (3.19), let
φ˜ = φ+ dpZ˜p +
m∑
i=1
diZ˜i0 +
m∑
i=1
2∑
j=1
eijχiZij . (3.28)
We will first prove the existence of dp, di and eij such that φ˜ satisfies the orthogonality conditions in (3.14).
Remark that Z˜i0 coincides with Zi0 in BRγi(ξ
′
i) and hence Z˜i0 is still orthogonal to χiZij for j = 1, 2. Testing
(3.28) against χiZij and using the orthogonality conditions in (3.14) and (3.19) for j = 1, 2 and the fact that
χiχk ≡ 0 if i 6= k, we can write
eij =
−dp ∫
Ωt
χiZijZ˜p −
m∑
k 6=i
dk
∫
Ωt
χiZijZ˜k0
/∫
Ωt
χ2iZ
2
ij , i = 1, . . . ,m, j = 1, 2. (3.29)
Notice that
∫
Ωt
χ2iZ
2
ij = c > 0 for all i, j, and by (3.24) and (3.27),∫
Ωt
χiZijZ˜p = O
(
ε0γi log t
ρ0v0| log ε0|
)
,
∫
Ωt
χiZij Z˜k0 = O
(
γi log t
γk| log εk|
)
, k 6= i.
Then
|eij | ≤ C
|dp| ε0γi log t
ρ0v0| log ε0| +
m∑
k 6=i
|dk| γi log t
γk| log εk|
 . (3.30)
We need just to consider dp and di. Testing (3.28) against χpZp and χkZk0, respectively, and using the
orthogonality conditions in (3.14) for p and j = 0, we get a system of (dp, d1, . . . , dm),
dp
∫
Ωt
χpZpZ˜p +
m∑
i=1
di
∫
Ωt
χpZpZ˜i0 =−
∫
Ωt
χpZpφ,
dp
∫
Ωt
χkZk0Z˜p +
m∑
i=1
di
∫
Ωt
χkZk0Z˜i0 =−
∫
Ωt
χkZk0φ, k = 1, . . . ,m.
(3.31)
But ∫
Ωt
χpZpZ˜p =
∫
Ωt
χpZ
2
p = C1 > 0,
∫
Ωt
χpZpZ˜i0 = O
(
ρ0v0 log t
ε0γi| log εi|
)
,
and
∫
Ωt
χkZk0Z˜p = O
(
ε0γk log t
ρ0v0| log ε0|
)
,
∫
Ωt
χkZk0Z˜k0 = C2 > 0,
∫
Ωt
χkZk0Z˜i0 = O
(
γk log t
γi| log εi|
)
, i 6= k.
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Let us denote M the coefficient matrix of system (3.31). From the above estimates it follows that P−1MP is
diagonally dominant and then invertible, where P = diag
(
ρ0v0
/
ε0, γ1, . . . , γm
)
. Hence M is also invertible
and (dp, d1, . . . , dm) is well defined.
Estimate (3.20) is a direct consequence of the following two claims.
Claim 1. ∥∥L(Z˜p)∥∥∗ ≤ Cε0 log tρ0v0| log ε0| , (3.32)
and ∥∥L(χiZij)∥∥∗ ≤ Cγi , ∥∥L(Z˜i0)∥∥∗ ≤ C log tγi| log εi| . (3.33)
Claim 2.
|dp| ≤ C ρ0v0| log ε0|
ε0
‖h‖∗, |di| ≤ Cγi| log εi|‖h‖∗, |eij | ≤ Cγi log t ‖h‖∗. (3.34)
In fact, by the definition of φ˜ in (3.28) we get
L(φ˜) = h+ dpL(Z˜p) +
m∑
i=1
diL(Z˜i0) +
m∑
i=1
2∑
j=1
eijL(χiZij) in Ωt. (3.35)
Since (3.14) hold, by estimate (3.15) we conclude
‖φ˜‖L∞(Ωt) ≤ C
‖h‖∗ + |dp|∥∥L(Z˜p)∥∥∗ + m∑
i=1
|di|
∥∥L(Z˜i0)∥∥∗ + m∑
i=1
2∑
j=1
|eij |
∥∥L(χiZij)∥∥∗
 . (3.36)
Using the definition of φ˜ again and the fact that∥∥Z˜p∥∥L∞(Ωt) ≤ Cε0ρ0v0 , ∥∥Z˜i0∥∥L∞(Ωt) ≤ Cγi , ∥∥χiZij∥∥L∞(Ωt) ≤ Cγi , (3.37)
estimate (3.20) then follows from (2.7), (3.36), Claims 1 and 2.
Proof of Claim 1. Let us begin with inequality (3.32). Consider four regions
Ω1 =
{ ∣∣∣∣ε0y − pρ0v0
∣∣∣∣ ≤ R} , Ω2 = {R < ∣∣∣∣ε0y − pρ0v0
∣∣∣∣ ≤ R+ 1} ,
Ω3 =
{
R+ 1 <
∣∣∣∣ε0y − pρ0v0
∣∣∣∣ ≤ 3dρ0v0
}
, Ω4 =
{
3d
ρ0v0
<
∣∣∣∣ε0y − pρ0v0
∣∣∣∣ ≤ 6dρ0v0
}
.
Observe first that, by (3.2), (3.3) and (3.5),
L(Zp) = −∆Zp −WZp =
( ε0
ρ0v0
)2 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2 −W
Zp. (3.38)
In Ω1, by (2.30), (3.27) and (3.38),
L(Z˜p) = L(Zp) =
(
ε0
ρ0v0
)3 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2
O (ε0tβ |y − p′|)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
) . (3.39)
In Ω2, by (1.2), (3.21) and (3.27),
L(Z˜p) = L(Zp)− (1− ηp1)L(Zp − Ẑp)− 2∇ηp1∇(Zp − Ẑp)− (Zp − Ẑp)∆ηp1
= L(Zp) + (1− ηp1)W (Zp − Ẑp)− 2∇ηp1∇(Zp − Ẑp)− (Zp − Ẑp)∆ηp1. (3.40)
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Notice that, by (3.21)-(3.22),
Zp − Ẑp = ε0
ρ0v0
− apG(ε0y, p) = ε0
ρ0v0
[
H(p, p)− 4 log(ρ0v0R)
] [4 log |ε0y − p|
Rρ0v0
+O (ε0|y − p′|)
]
, (3.41)
and then in Ω2, by (3.23),
|Zp − Ẑp| = O
(
ε0
Rρ0v0| log ε0|
)
, |∇(Zp − Ẑp)| = O( ε20
Rρ20v
2
0 | log ε0|
)
. (3.42)
Moreover, |∇ηp1| = O
(
ε0/(ρ0v0)
)
and |∆ηp1| = O
(
ε20/(ρ
2
0v
2
0)
)
. By (2.30), (3.38), (3.40) and (3.42) we have that
in Ω2,
L(Z˜p) = O
(
ε30
Rρ30v
3
0 | log ε0|
)
. (3.43)
In Ω3, by (1.2), (3.21), (3.27) and (3.38),
L(Z˜p) = L(Ẑp) = L(Zp)− L(Zp − Ẑp)
=
( ε0
ρ0v0
)2 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2 −W
Zp +W [ ε0
ρ0v0
− apG(ε0y, p)
]
≡ A1 +A2.
For the estimates of these two terms, we decompose Ω3 to some subregions:
Ωp =
{
R+ 1 <
∣∣∣∣ε0y − pρ0v0
∣∣∣∣ ≤ 1ρ0v0t2β
}
,
Ω3,k = Ω3
⋂{ |y − ξ′k| ≤ 1/(ε0t2β)} and Ω˜3 = Ω3 \
[
m⋃
k=1
Ω3,k ∪ Ωp
]
.
By (2.30), (2.32) and (3.5),
A1 =

(
ε0
ρ0v0
)3 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2
O (ε0tβ|y − p′|)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
) in Ωp,
O
(
ε50
ρ0v0
µ20t
4β(2+α)
)
+O
(
ε30
ρ0v0
e−tφ1(ε0y)t4β(2m+2+α)
)
in Ω˜3.
Moreover, by (3.23) and (3.41),
A2 =

(
ε0
ρ0v0
)3 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2 O
(
log |ε0y − p| − log(Rρ0v0) + ε0|y − p′|
| log ε0|
)
in Ωp,
O
(
ε30
ρ0v0
t4β(2m+2+α)e−tφ1(ε0y)
)
in Ω˜3.
Then in Ωp ∪ Ω˜3,
L(Z˜p) = L(Ẑp) =
(
ε0
ρ0v0
)3 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2 O
(
log |ε0y − p| − log(Rρ0v0)
| log ε0|
)
. (3.44)
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In Ω3,k with all k, by (2.28), (3.24) and (3.38),
L(Z˜p) = L(Ẑp) = −∆Zp −WẐp
=
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2 Zp +O
 1
γ2k
8(
1 +
∣∣ y−ξ′k
γk
∣∣2)2 · ε0G(ε0y, p)ρ0v0| log ε0|

= O
 1
γ2k
8(
1 +
∣∣ y−ξ′k
γk
∣∣2)2 · ε0 log tρ0v0| log ε0|
 . (3.45)
Finally in Ω4, by (3.21) and (3.27),
L(Z˜p) = −ηp2∆Zp − ηp2WẐp − 2∇ηp2∇Ẑp − Ẑp∆ηp2. (3.46)
Note that from the previous choice of the number d we get that for any y ∈ Ω4 and any k = 1, . . . ,m,
|y − ξ′k| ≥ |y − p′| − |p′ − ξ′k| ≥
3d
ε0
− d
ε0
=
2d
ε0
>
1
ε0t2β
.
This combined with (2.32) gives
W = O
(
ε20e
−tφ1(ε0y)
)
in Ω4. (3.47)
In addition, |∇ηp2| = O (ε0), |∆ηp2| = O
(
ε20
)
and
|Ẑp| = O
(
ε0
ρ0v0| log ε0|
)
, |∇Ẑp| = O
(
ε20
ρ0v0| log ε0|
)
in Ω4. (3.48)
Hence by (3.38), (3.46), (3.47) and (3.48), we find that in Ω4,
L(Z˜p) = O
(
ε30
ρ0v0| log ε0|
)
. (3.49)
Combining (3.7), (3.39), (3.43), (3.44), (3.45) and (3.49), we readily conclude∥∥L(Z˜p)∥∥∗ = O( ε0 log tρ0v0| log ε0|
)
.
The inequalities in (3.33) are easy to establish as they are very similar to the consideration of inequality
(3.32), so we leave the detailed proof for readers.
Proof of Claim 2. Let us prove the first two inequalities in (3.34). Testing (3.35) against Z˜p and using
estimates (3.36) and (3.37), we find
dp
∫
Ωt
Z˜pL(Z˜p) +
m∑
k=1
dk
∫
Ωt
Z˜pL(Z˜k0)
=−
∫
Ωt
hZ˜p +
∫
Ωt
φ˜L(Z˜p)−
m∑
k=1
2∑
l=1
ekl
∫
Ωt
χkZklL(Z˜p)
≤ Cε0
ρ0v0
‖h‖∗ + C
∥∥L(Z˜p)∥∥∗
(
‖φ˜‖L∞(Ωt) +
m∑
k=1
2∑
l=1
1
γk
|ekl|
)
≤ Cε0
ρ0v0
‖h‖∗ + C
∥∥L(Z˜p)∥∥∗
[
‖h‖∗ + |dp|
∥∥L(Z˜p)∥∥∗ + m∑
k=1
|dk|
∥∥L(Z˜k0)∥∥∗ + m∑
k=1
2∑
l=1
|ekl|
(
1
γk
+
∥∥L(χkZkl)∥∥∗)
]
,
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where we have applied the following two inequalities:(
ε0
ρ0v0
)2 ∫
Ωt
∣∣ε0y−p
ρ0v0
∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣)4+2αˆ+2α dy ≤ C and
∫
Ωt
1
γ2i
1(
1 +
∣∣y−ξ′i
γi
∣∣)3 dy ≤ C, i = 1, . . . ,m.
But estimate (3.30) and Claim 1 imply
|dp|
∣∣∣∣∫
Ωt
Z˜pL(Z˜p)
∣∣∣∣ ≤ Cε0ρ0v0 ‖h‖∗ + Cε0 log
2 t
ρ0v0| log ε0|
[
ε0|dp|
ρ0v0| log ε0| +
m∑
k=1
|dk|
γk| log εk|
]
+
m∑
k=1
∣∣∣∣dk ∫
Ωt
Z˜k0L(Z˜p)
∣∣∣∣ . (3.50)
Similarly, testing (3.35) against Z˜i0 and using (3.30), (3.36), (3.37) and Claim 1, we can derive that
|di|
∣∣∣∣∫
Ωt
Z˜i0L(Z˜i0)
∣∣∣∣ ≤ C‖h‖∗γi + C log
2 t
γi| log εi|
[
ε0|dp|
ρ0v0| log ε0| +
m∑
k=1
|dk|
γk| log εk|
]
+
∣∣∣∣dp ∫
Ωt
Z˜i0L(Z˜p)
∣∣∣∣
+
m∑
k 6=i
∣∣∣∣dk ∫
Ωt
Z˜k0L(Z˜i0)
∣∣∣∣ . (3.51)
We decompose ∫
Ωt
Z˜pL(Z˜p) =
4∑
l=1
∫
Ωl
Z˜pL(Z˜p) =
4∑
l=1
Il. (3.52)
By (3.5) and (3.39), we get
I1 =
∫
Ωl
ZpL(Zp) =
∫
Ω1
(
ε0
ρ0v0
)4 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2
O (ε0tβ|y − p′|)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
)
=
(
ε0
ρ0v0
)2 O (ρ0v0tβ)+O (ε20µ20)+ m∑
j=1
O
(
ε2jµ
2
j t
2β
) . (3.53)
By (3.24), (3.44) and (3.45), we have
I3 =
∫
Ωp∪Ω˜3
ẐpL(Ẑp) +
m∑
k=1
∫
Ω3,k
ẐpL(Ẑp)
=
(
ε0
ρ0v0
)2
O
(∫ 3d/(ρ0v0)
R+1
r1+2α log(r/R)
(1 + r2(1+α))2
log(ρ0v0r)
| log ε0|2 dr +
m∑
k=1
∫ 1/(ε0γkt2β)
0
r
(1 + r2)2
log2 t
| log ε0|2 dr
)
=
(
ε0
ρ0v0
)2 [
O
(
1
R2(1+α)| log ε0|
)
+O
(
log2 t
| log ε0|2
)]
. (3.54)
By (3.48) and (3.49), we derive that
I4 =
∫
Ω4
ηp2ẐpL(Z˜p) =
∫
{
3d
ρ0v0
<
∣∣∣ ε0y−pρ0v0 ∣∣∣≤ 6dρ0v0 }
O
(
ε40
ρ20v
2
0 | log ε0|2
)
dy = O
(
ε20
| log ε0|2
)
. (3.55)
Regarding the expression I2, by (3.40) we get
I2 = −
∫
Ω2
Z˜p(Zp − Ẑp)∆ηp1 − 2
∫
Ω2
Z˜p∇ηp1∇(Zp − Ẑp) +
∫
Ω2
Z˜p
[L(Zp) + (1 − ηp1)W (Zp − Ẑp)].
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Integrating by parts the first term and using estimates (2.30), (3.38) and (3.42) for the last term, we obtain
I2 = −
∫
Ω2
Zp∇ηp1∇(Zp − Ẑp) +
∫
Ω2
(Zp − Ẑp)∇ηp1∇(Zp − Ẑp) +
∫
Ω2
(Zp − Ẑp)2|∇ηp1|2
+
∫
Ω2
(Zp − Ẑp)∇ηp1∇Ẑp +
(
ε0
ρ0v0
)2
O
(
1
R3+2α| log ε0|
)
= I21 + I22 + I23 + I24 +
(
ε0
ρ0v0
)2
O
(
1
R3+2α| log ε0|
)
. (3.56)
By (2.14), (2.23), (3.2), (3.5), (3.22), (3.25) and (3.41), we conclude
I21 = −ap
(
ε0
ρ0v0
)2 ∫
{
R<
∣∣∣ ε0y−pρ0v0 ∣∣∣≤R+1}
1
|y − p′|Zp
(
ε0y − p
ρ0v0
)
η′1
(∣∣ε0y − p∣∣
ρ0v0
)(
4 + o(1)
)
dy
= −8πap ε0
ρ0v0
∫ R+1
R
η′1(r)
[
1 +O
(
1
r2(1+α)
)]
dr
=
2π(1 + α)
| log ε0|
(
ε0
ρ0v0
)2 [
1 +O
(
1
R2(1+α)
)]
. (3.57)
By (3.2), (3.5), (3.25) and (3.42) we find |∇ηp1| = O
(
ε0
ρ0v0
)
and |∇Ẑp| = O
( ε20
R3+2αρ20v
2
0
)
in Ω2. Furthermore,
I22 = O
(
ε20
Rρ20v
2
0 | log ε0|2
)
, I23 = O
(
ε20
Rρ20v
2
0 | log ε0|2
)
, I24 = O
(
ε20
R3+2αρ20v
2
0 | log ε0|
)
. (3.58)
Substituting estimates (3.53)-(3.58) into (3.52), we conclude that for R and t large enough,∫
Ωt
Z˜pL(Z˜p) = 2π(1 + α)| log ε0|
(
ε0
ρ0v0
)2 [
1 +O
(
1
R2(1+α)
)]
. (3.59)
According to (3.50), we need just to calculate
∫
Ωt
Z˜k0L(Z˜p) for all k. By the above estimates of L(Z˜p) and
Z˜k0, we can easily prove that∫
Ω1
Z˜k0L(Z˜p) = O
(
ε0
(
ρ0v0t
β +
∑m
j=0 ε
2
jµ
2
j t
2β
)
log t
ρ0v0γk| log εk|
)
,
∫
Ω2
Z˜k0L(Z˜p) = O
(
ε0 log t
ρ0v0γk| log ε0|| log εk|
)
,
∫
Ω4
Z˜k0L(Z˜p) = O
(
ε0
ρ0v0γk| log ε0|| log εk|
)
,
∫
Ωp∪Ω˜3
Z˜k0L(Z˜p) = O
(
ε0 log t
ρ0v0γk| log ε0|| log εk|
)
,
and ∫
Ω3,l
Z˜k0L(Z˜p) = O
(
ε0 log
2 t
ρ0v0γk| log ε0|| log εk|
)
for all l 6= k.
It remains to calculate the integral over Ω3,k. From (3.27) and an integration by parts we have∫
Ω3,k
Z˜k0L(Z˜p) =
∫
Ω3,k
ẐpL(Z˜k0)−
∫
∂Ω3,k
Ẑk0
∂Ẑp
∂ν
+
∫
∂Ω3,k
Ẑp
∂Ẑk0
∂ν
.
Observe that∫
Ω3,k
ẐpL(Z˜k0) =
(∫{
|y−ξ′k|≤γkR
}+ ∫{
γkR<|y−ξ′k|≤γk(R+1)
}+ ∫{
γk(R+1)<|y−ξ′k|≤1/(ε0t2β)
}) ẐpL(Z˜k0).
By (2.28), (3.2), (3.5), (3.21), (3.22), (3.23) and (3.27) we can compute that for |y − ξ′k| ≤ γkR,
L(Z˜k0) = L(Zk0) = O
(
ε0t
β/γ2k
)
,
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for γkR < |y − ξ′k| ≤ γk(R+ 1),
L(Z˜k0) = O
(
1
Rγ3k| log εk|
)
,
and for γk(R+ 1) < |y − ξ′k| ≤ 1/(ε0t2β),
L(Z˜k0) = L(Ẑk0) = O
 log |y − ξ′k| − log(Rγk)(
1 +
∣∣y−ξ′k
γk
∣∣2)2 · 1γ3k| log εk|
 .
These, together with the estimate of Ẑp in (3.24), give∫
Ω3,k
ẐpL(Z˜k0) = O
(
ε0 log t
ρ0v0γk| log ε0|| log εk|
)
.
As on ∂Ω3,k, by (2.2) and (3.24),
Ẑp = O
(
ε0 log t
ρ0v0| log ε0|
)
, |∇Ẑp| = O
(
ε20t
β
ρ0v0| log ε0|
)
,
and
Ẑk0 = O
(
log t
γk| log εk|
)
, |∇Ẑk0| = O
(
ε0t
2β
γk| log εk|
)
.
Then ∫
Ω3,k
Z˜k0L(Z˜p) = O
(
ε0 log t
ρ0v0γk| log ε0|| log εk|
)
.
By the above estimates, we readily have∫
Ωt
Z˜k0L(Z˜p) = O
(
ε0 log
2 t
ρ0v0γk| log ε0|| log εk|
)
, k = 1, . . . ,m. (3.60)
Inserting estimates (3.59) and (3.60) into (3.50), we get
ε0|dp|
ρ0v0| log ε0| ≤ C‖h‖∗ +
C log2 t
| log ε0|
(
ε0|dp|
ρ0v0| log ε0| +
m∑
k=1
|dk|
γk| log εk|
)
. (3.61)
On the other hand, similar to the above arguments in (3.59)-(3.60), we can show that for R and t large enough,∫
Ωt
Z˜i0L(Z˜i0) = 2π
γ2i | log εi|
[
1 +O
(
1
R2
)]
, (3.62)
and ∫
Ωt
Z˜k0L(Z˜i0) = O
(
log2 t
γiγk| log εi|| log εk|
)
for all k 6= i. (3.63)
These, together with (3.51) and (3.60), imply
|di|
γi| log εi| ≤ C‖h‖∗ +
C log2 t
| log εi|
(
ε0|dp|
ρ0v0| log ε0| +
m∑
k=1
|dk|
γk| log εk|
)
. (3.64)
As a result, using linear algebra arguments, by (2.7), (3.61) and (3.64) we can prove Claim 2 for dp and di, and
then complete the proof by (3.30).
Step 5: Proof of Proposition 3.1. We begin by establishing the validity of the a priori estimate (3.8). Using
estimate (3.20) and the fact that ‖χiZij‖∗ = O(γi), we deduce
‖φ‖L∞(Ωt) ≤ Ct
‖h‖∗ + m∑
i=1
2∑
j=1
γi|cij |
 . (3.65)
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So it suffices to estimate the values of the constants cij . Let us consider the cut-off function ηi2 defined in
(3.26). Multiplying (3.1) by ηi2Zij and integrating by parts, we find∫
Ωt
φL(ηi2Zij) =
∫
Ωt
hηi2Zij +
m∑
k=1
2∑
l=1
ckl
∫
Ωt
χkZklηi2Zij . (3.66)
Notice that
L(ηi2Zij) =ηi2L(Zij)− Zij∆ηi2 − 2∇ηi2∇Zij =
 1
γ2i
8(
1 +
∣∣y−ξ′i
γi
∣∣2)2 −W
 ηi2Zij +O (ε30) .
For the estimate of the first term, we decompose supp(ηi2) to some subregions:
Ω̂p = supp(ηi2)
⋂{|y − p′| ≤ 1/(ε0t2β)}, Ω̂k1 = supp(ηi2)⋂{|y − ξ′k| ≤ 1/(ε0t2β)}, k = 1, . . . ,m,
Ω̂2 = supp(ηi2) \
[
m⋃
k=1
Ω̂k1 ∪ Ω̂p
]
,
where supp(ηi2) = {|y − ξ′i| ≤ 6d/ε0}. Notice that, by (2.2),
|y − ξ′i| ≥ |ξ′i − p′| − |y − p′| ≥ |ξ′i − p′| −
1
ε0t2β
≥ 1
ε0tβ
(
1− 1
tβ
)
(3.67)
uniformly in Ω̂p, and
|y − ξ′i| ≥ |ξ′i − ξ′k| − |y − ξ′k| ≥ |ξ′i − ξ′k| −
1
ε0t2β
≥ 1
ε0tβ
(
1− 1
tβ
)
(3.68)
uniformly in Ω̂k1 with k 6= i. By (2.23), (2.28), (2.30), (2.32) and (3.5) we have that in Ω̂i1, 1
γ2i
8(
1 +
∣∣y−ξ′i
γi
∣∣2)2 −W
 ηi2Zij = 1
γ2i
8(
1 +
∣∣y−ξ′i
γi
∣∣2)5/2
[
O
(
ε0t
β
∣∣∣∣y − ξ′iγi
∣∣∣∣)+O(ε2iµ2iγi
)
+O
(
ε20µ
2
0t
2β(1+α)
γi
)
+
m∑
j=1, j 6=i
O
(
1
γi
ε2jµ
2
j t
2β
) ,
and in Ω̂p, by (3.67), 1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 −W
 ηi2Zij =
O( γ2i|y − ξ′i|4
)
+
(
ε0
ρ0v0
)2
O
 8(1 + α)2∣∣ ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ ε0y−p
ρ0v0
∣∣2(1+α))2
O( 1|y − ξ′i|
)
,
and in Ω̂k1, k 6= i, by (3.68), 1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 −W
 ηi2Zij =
O( γ2i|y − ξ′i|4
)
+O
 1
γ2k
8(
1 +
∣∣y−ξ′k
γk
∣∣2)2
O( 1|y − ξ′i|
)
,
and in Ω̂2,  1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 −W
 ηi2Zij = O (ε30ε2iµ2i t10β)+O (ε30t2β(4m+5+2α)e−tφ1(ε0y)) .
Then ∣∣∣∣∫
Ωt
φL(η2iZ1i)
∣∣∣∣ ≤ Cε0tβ‖φ‖L∞(Ωt). (3.69)
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On the other hand, since ‖ηi2Zij‖L∞(Ωt) ≤ Cγ−1i , we know that∫
Ωt
hηi2Zij = O
(‖h‖∗
γi
)
. (3.70)
Moreover, if k = i, by (3.2), (3.5) and (3.6),∫
Ωt
χkZklηk2Zkj =
∫
R2
χ(|z|)Zl(z)Zj(z)dz = Cδlj , (3.71)
while if k 6= i, by (3.68), ∫
Ωt
χkZklηi2Zij = O
(
γkε0t
β
)
. (3.72)
As a consequence, substituting estimates (3.69)-(3.72) into (3.66), we find
|cij | ≤ C
ε0tβ‖φ‖L∞(Ωt) + 1γi ‖h‖∗ +
m∑
k 6=i
2∑
l=1
γkε0t
β|ckl|
 ,
and then, by (2.23),
|cij | ≤ C
(
ε0t
β‖φ‖L∞(Ωt) +
1
γi
‖h‖∗
)
.
Combing this estimate with (3.65), we conclude
|cij | ≤ C 1
γi
‖h‖∗, (3.73)
which proves (3.8).
Now, we consider the Hilbert space
Hξ =
{
φ ∈ H10 (Ωt)
∣∣∣∣ ∫
Ωt
χiZijφ = 0 ∀ i = 1, . . . ,m, j = 1, 2
}
with the norm ‖φ‖Hξ = ‖∇φ‖L∞(Ωt). Equation (3.1) is equivalent to find φ ∈ Hξ, such that∫
Ωt
∇φ∇ψ −
∫
Ωt
Wφψ =
∫
Ωt
hψ, ∀ ψ ∈ Hξ.
By Fredholm’s alternative this is equivalent to the uniqueness of solutions to this problem, which in turn follows
from estimate (3.8). 
The result of Proposition 3.1 implies that the unique solution φ = T (h) of (3.1) defines a bounded linear
map from the Banach space C∗ of all functions h in L∞ for which ‖h‖∗ <∞, into L∞.
Lemma 3.2. For any integer m ≥ 1, the operator T is differentiable with respect to the variables ξ = (ξ1, . . . , ξm)
in Ot, precisely for any k = 1, . . . ,m and l = 1, 2,
‖∂ξ′
kl
T (h)‖L∞(Ωt) ≤ Ct2‖h‖∗. (3.74)
Proof. Differentiating (3.1) with respect to ξ′kl, formally Z = ∂ξ′klφ should satisfy
L(Z) = φ∂ξ′klW +
m∑
i=1
2∑
j=1
[
cij∂ξ′kl(χiZij) + c˜ijχiZij
]
in Ωt,
Z = 0 on ∂Ωt,∫
Ωt
χiZijZ = −
∫
Ωt
φ∂ξ′
kl
(χiZij) ∀ i = 1, . . . ,m, j = 1, 2,
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where (still formally) c˜ij = ∂ξ′
kl
(cij). Furthermore, if we consider the constants bij defined as
bij
∫
Ωt
χ2i |Zij |2 =
∫
Ωt
φ∂ξ′
kl
(χiZij),
and set
Z˜ = Z +
m∑
i=1
2∑
j=1
bijχiZij ,
then we have 
L(Z˜) = f +
m∑
i=1
2∑
j=1
c˜ijχiZij in Ωt,
Z˜ = 0 on ∂Ωt,∫
Ωt
χiZijZ˜ = 0 ∀ i = 1, . . . ,m, j = 1, 2,
where
f = φ∂ξ′
kl
W +
m∑
i=1
2∑
j=1
bijL(χiZij) +
m∑
i=1
2∑
j=1
cij∂ξ′
kl
(χiZij).
From Proposition 3.1 it follows that this equation has a unique solution Z˜ and c˜ij , and hence ∂ξ′klT (h) =
T (f)−∑mi=1∑2j=1 bijχiZij is well defined. Moreover, by (3.8) we get
‖∂ξ′
kl
T (h)‖L∞(Ωt) ≤ ‖T (f)‖L∞(Ωt) + C
m∑
i=1
2∑
j=1
1
γi
|bij | ≤ Ct‖f‖∗ + C
m∑
i=1
2∑
j=1
1
γi
|bij |. (3.75)
Now, to prove estimate (3.74), we first estimate ∂ξ′klW . Notice that ∂ξ′klW = W∂ξ′klV . Obviously, by (2.28),
(2.30), (2.32) and (3.7) we find ‖W‖∗ = O (1). On the other hand, similar to the proof of Lemma 2.1, by
(2.14)-(2.15) we can compute that
∂ξ′
kl
H0(ε0y) = O
(
ε0t
β
)
and ∂ξ′
kl
Hi(ε0y) = O
(
ε0t
β
)
, i = 1, . . . ,m, (3.76)
uniformly in Ωt. Furthermore, by (2.4), (2.8), (2.14), (2.15), (2.23), (3.2) and (3.5) we can directly check that
∂ξ′
kl
V (y) = Zkl(y) +O
(
ε0t
β
)
. (3.77)
This, together with the fact that 1γk ≤ C uniformly on t, immediately implies
‖∂ξ′klV ‖L∞(Ωt) = O (1) and ‖∂ξ′klW‖∗ = O (1) . (3.78)
Next, by definitions (3.5)-(3.6), a straightforward computation gives
‖∂ξ′kl(χiZij)‖∗ =
{
O
(
ε0γit
β
)
if i 6= k,
O (1) if i = k.
(3.79)
Furthermore,
|bij | =
{
O
(
ε0γit
β
) ‖φ‖L∞(Ωt) if i 6= k,
O (1) ‖φ‖L∞(Ωt) if i = k.
(3.80)
Finally, by (3.8), (3.33), (3.73), (3.79) and (3.80), we obtain
‖f‖∗ ≤ Ct‖h‖∗ and |bij | ≤ Ct‖h‖∗. (3.81)
Inserting these into (3.75), we then prove (3.74). 
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4. The nonlinear projected problem
In this section we solve the nonlinear projected problem: for any integer m ≥ 1 and any points ξ =
(ξ1, . . . , ξm) ∈ Ot, we find a function φ and scalars cij , i = 1, . . . ,m, j = 1, 2, such that
L(φ) = −∆φ−Wφ = E +N(φ) +
m∑
i=1
2∑
j=1
cijχiZij in Ωt,
φ = 0 on ∂Ωt,∫
Ωt
χiZijφ = 0 ∀ i = 1, . . . ,m, j = 1, 2,
(4.1)
where W is as in (2.28), (2.30) and (2.32), and E, N(φ) are given by (2.21) and (2.35), respectively.
Proposition 4.1. Let m be a positive integer. Then there exist constants tm > 1 and C > 0 such that for any
t > tm and any points ξ = (ξ1, . . . , ξm) ∈ Ot, problem (4.1) admits a unique solution φ ∈ L∞(Ωt), and scalars
cij ∈ R, i = 1, . . . ,m, j = 1, 2, such that
‖φ‖L∞(Ωt) ≤ Ctmax
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)
}
. (4.2)
Furthermore, the map ξ′ 7→ φ(ξ′) ∈ C(Ωt) is C1, precisely for any k = 1, . . . ,m and l = 1, 2,
‖∂ξ′
kl
φ‖L∞(Ωt) ≤ Ct2max
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)
}
, (4.3)
where ξ′ := (ξ′1, . . . , ξ
′
m) = (
1
ε0
ξ1, . . . ,
1
ε0
ξm).
Proof. Let T be the operator as defined in Proposition 3.1. Then φ solves (4.1) if and only if
φ = T (E +N(φ)) ≡ A(φ). (4.4)
For a given number κ > 0, let us consider the region
Fκ =
{
φ ∈ C(Ωt)
∣∣∣ ‖φ‖L∞(Ωt) ≤ κtmax{(ρ0v0)min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)}} .
Observe that, by (2.29), (2.31), (2.33) and (3.7),
‖E‖∗ ≤ Cmax
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)
}
. (4.5)
Moreover, by definition (2.35) of N(φ) and Lagrange’s theorem we have that for φ, φ1, φ2 ∈ Fκ,
‖N(φ)‖∗ ≤ C‖W‖∗‖φ‖2L∞(Ωt) ≤ C‖φ‖2L∞(Ωt),
‖N(φ1)−N(φ2)‖∗ ≤ C
(
max
l=1,2
‖φl‖L∞(Ωt)
)‖φ1 − φ2‖L∞(Ωt).
where C > 0 is independent of κ and t. Hence by (2.7), (2.14), (2.15), (2.23) and Proposition 3.1,
‖A(φ)‖L∞(Ωt) ≤ Ct
(‖E‖∗ + ‖N(φ)‖∗) ≤ Ctmax{(ρ0v0)min{1,2(α−αˆ)}tβ, ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)},
‖A(φ1)−A(φ2)‖L∞(Ωt) ≤ Ct‖N(φ1)−N(φ2)‖∗ <
1
2
‖φ1 − φ2‖L∞(Ωt).
This means that for all t large enough, A is a contraction on Fκ and thus a unique fixed point of A exists in
the region.
We now analyze the differentiability of the map ξ′ 7→ φ. Assume for instance that the partial derivative ∂ξ′
kl
φ
exists. Then, formally
∂ξ′
kl
φ = T
(
∂ξ′
kl
E + ∂ξ′
kl
N(φ)
)
+
(
∂ξ′
kl
T
)
(E +N(φ)) .
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By (3.74) and (4.5), we get∥∥∥(∂ξ′
kl
T
)
(E +N(φ))
∥∥∥
L∞(Ωt)
≤ Ct2 (‖E‖∗ + ‖N(φ)‖∗)
≤ Ct2max{(ρ0v0)min{1,2(α−αˆ)}tβ , ε0γ1tβ, . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)}.
Observe that
∂ξ′
kl
N(φ) = ∂ξ′
kl
W
(
eφ − φ− 1)+W (eφ − 1)∂ξ′
kl
φ,
so that, by (3.78),
‖∂ξ′klN(φ)‖∗ ≤ C‖φ‖L∞(Ωt)
(
‖φ‖L∞(Ωt) + ‖∂ξ′klφ‖L∞(Ωt)
)
.
Also, thanks to the expansion of ∂ξ′klV in (3.77) , by (2.22), (2.28), (2.30) and (2.32) we can directly check that
‖∂ξ′klE‖∗ ≤ Cmax
{
(ρ0v0)
min{1,2(α−αˆ)}tβ, ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)
}
. (4.6)
Hence by Proposition 3.1, we then prove
‖∂ξ′
kl
φ‖L∞(Ωt) ≤ Ct2max
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ , ‖e− 12 tφ1‖L∞(Ωt)
}
.
The above computation can be made rigorous by using the implicit function theorem and the fixed point
representation (4.4) which guarantees C1 regularity of ξ′. 
5. The reduced problem: A maximization procedure
In this section we study a maximization problem involving the variational reduction. Let us consider the
energy function Jt associated to problem (1.4), namely
Jt(u) =
1
2
∫
Ω
|∇u|2 −
∫
Ω
|x− p|2αk(x)e−tφ1eu, u ∈ H10 (Ω). (5.1)
For any integer m ≥ 1, we take its finite dimensional restriction
Ft(ξ) = Jt
(
U(ξ) + φ˜(ξ)
) ∀ ξ = (ξ1, . . . , ξm) ∈ Ot, (5.2)
where U(ξ) is our approximate solution defined in (2.8) and φ˜(ξ)(x) = φ( xε0 ,
ξ
ε0
), x ∈ Ω, with φ = φξ′ the unique
solution to problem (4.1) given by Proposition 4.1. Define
Mtm = max
(ξ1,...,ξm)∈Ot
Ft(ξ1, . . . , ξm). (5.3)
From the results obtained in Proposition 4.1 and the definition of function U(ξ) we have clearly that for any
integer m ≥ 1, the map Ft : Ot → R is of class C1 and then this maximization problem has a solution over Ot.
Proposition 5.1. For any integer m ≥ 1 and any t large enough, the maximization problem
max
(ξ1,...,ξm)∈Ot
Ft(ξ1, . . . , ξm) (5.4)
has a solution ξt = (ξ1,t, . . . , ξm,t) ∈ Oot , i.e., the interior of Ot.
Proof. The proof of this result consists of three steps which we state and prove next.
Step 1: With the choices for the parameters µ0 and µi, i = 1, . . . ,m, respectively given by (2.12) and (2.13),
let us prove that the following expansion holds
Jt
(
U(ξ)
)
= 8π(1 + α)t+ 8πt
m∑
i=1
φ1(ξi) + 16π(2 + α)
m∑
i=1
log |ξi − p|+ 16π
m∑
i6=j
log |ξi − ξj |+O (1) (5.5)
uniformly for all points ξ = (ξ1, . . . , ξm) ∈ Ot and for all t large enough.
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Observe first that by (2.8) and (2.9),
1
2
∫
Ω
|∇U |2 = −1
2
∫
Ω
U0∆U0 −
m∑
j=1
∫
Ω
Uj∆U0 − 1
2
m∑
i,j=1
∫
Ω
Uj∆Ui
= −1
2
∫
Ω
(
u0 +H0
)
∆u0 −
m∑
j=1
∫
Ω
(
uj +Hj
)
∆u0 − 1
2
m∑
i,j=1
∫
Ω
(
uj +Hj
)
∆ui. (5.6)
Let us analyze the behavior of the first term. By (2.4), (2.5) and (2.10) we get
−
∫
Ω
(
u0 +H0
)
∆u0 =
∫
Ω
8ε20µ
2
0(1 + α)
2|x− p|2α
(ε20µ
2
0 + |x− p|2(1+α))2
[
log
1
(ε20µ
2
0 + |x− p|2(1+α))2
+ (1 + α)H(x, p) +O
(
ε20µ
2
0
)]
.
Making the change of variables ρ0v0z = x− p, we can derive that
−
∫
Ω
(
u0 +H0
)
∆u0 =
∫
Ωρ0v0
8(1 + α)2|z|2α
(1 + |z|2(1+α))2
[
log
(ε0µ0)
−4
(1 + |z|2(1+α))2 + (1 + α)H(p, p) +O
(
ρ0v0
∣∣z∣∣)+O (ε20µ20)] ,
where Ωρ0v0 =
1
ρ0v0
(Ω− {p}). Note that∫
Ωρ0v0
8(1 + α)2|z|2α
(1 + |z|2(1+α))2 = 8π(1 + α) +O
(
ε20µ
2
0
)
,
and ∫
Ωρ0v0
8(1 + α)2|z|2α
(1 + |z|2(1+α))2 log
1
(1 + |z|2(1+α))2 = −16π(1 + α) +O(ε
2
0µ
2
0).
Then
−
∫
Ω
(
u0 +H0
)
∆u0 = 8π(1 + α)
[
(1 + α)H(p, p)− 2− 4 log(ε0µ0)
]
+O (ρ0v0) +O
(
ε20µ
2
0| log(ε0µ0)|
)
. (5.7)
For the second term of (5.6), by (2.4), (2.5), (2.11) and the change of variables ρ0v0z = x− p we have that for
any j = 1, . . . ,m,
−
∫
Ω
(
uj +Hj
)
∆u0 =
∫
Ω
8ε20µ
2
0(1 + α)
2|x− p|2α
(ε20µ
2
0 + |x− p|2(1+α))2
[
log
1
(ε2jµ
2
j + |x− ξj |2)2
+H(x, ξj) +O
(
ε2jµ
2
j
)]
dx
=
∫
Ωρ0v0
8(1 + α)2|z|2α
(1 + |z|2(1+α))2
[
log
1
|p− ξj |4 +H(p, ξj) +O
(
ρ0v0t
β
∣∣z∣∣)+O (ε2jµ2j t2β)] dz
= 8π(1 + α)G(p, ξj) +O
(
ρ0v0t
β
)
+O
(
ε20µ
2
0t
β
)
+O
(
ε2jµ
2
j t
2β
)
. (5.8)
As for the last term of (5.6), by (2.4), (2.5), (2.11) and the change of variables εiµiz = x − ξi we observe that
for any i, j = 1, . . . ,m,
−
∫
Ω
(
uj +Hj
)
∆ui =
∫
Ω
8ε2iµ
2
i
(ε2iµ
2
i + |x− ξi|2)2
[
log
1
(ε2jµ
2
j + |x− ξj |2)2
+H(x, ξj) +O(ε
2
jµ
2
j )
]
dx
=
∫
Ωεiµi
8
(1 + |z|2)2
[
log
1
(ε2jµ
2
j + |ξi − ξj + εiµiz|2)2
+H(ξi, ξj) +O (εiµi|z|) +O
(
ε2jµ
2
j
)]
dz,
where Ωεiµi =
1
εiµi
(Ω− {ξi}). Then for all i, j = 1, . . . ,m,
−
∫
Ω
(
uj +Hj
)
∆ui =

8π
[
H(ξi, ξi)− 2− 4 log(εiµi)
]
+O (εiµi) ∀ i = j,
8πG(ξi, ξj) +O
(
εiµit
β
)
+O
(
ε2jµ
2
j t
2β
) ∀ i 6= j. (5.9)
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On the other hand, by (2.18), (2.19), (2.20) and the change of variables x = ε0y = e
− 12 ty, we obtain∫
Ω
|x− p|2αk(x)e−tφ1eU =
∫
Ωt
|ε0y − p|2αk(ε0y)e−t
[
φ1(ε0y)−1
]
eU(ε0y)−2tdy
=
∫
Ωt\
[⋃m
i=1 B 1
ε0t
2β
(ξ′i)∪B 1
ε0t
2β
(p′)
]Wdy +
∫
B 1
ε0t
2β
(p′)
Wdy +
m∑
i=1
∫
B 1
ε0t
2β
(ξ′i)
Wdy.
By (2.28), (2.30) and (2.32) we obtain∫
Ωt\
[⋃m
i=1 B 1
ε0t
2β
(ξ′i)∪B 1
ε0t
2β
(p′)
]Wdy =
∫
Ωt\
[⋃m
i=1 B 1
ε0t
2β
(ξ′i)∪B 1
ε0t
2β
(p′)
]O
(
ε20e
−tφ1(ε0y)
|ε0y − p|4+2α
m∏
i=1
1
|ε0y − ξi|4
)
dy
=O (1) ,
and ∫
B 1
ε0t
2β
(p′)
Wdy =
∫
B 1
ε0t
2β
(p′)
(
ε0
ρ0v0
)2 8(1 + α)2∣∣ε0y−pρ0v0 ∣∣2α(
1 +
∣∣ε0y−p
ρ0v0
∣∣2(1+α))2 [1 +O (ε0tβ |y − p′|)+ o (1)] dy
=8π(1 + α) + o(1),
and for any i = 1, . . . ,m,∫
B 1
ε0t
2β
(ξ′i)
Wdy =
∫
B 1
ε0t
2β
(ξ′i)
1
γ2i
8(
1 +
∣∣ y−ξ′i
γi
∣∣2)2 [1 +O (ε0tβ |y − ξ′i|)+ o (1)] dy = 8π + o(1).
Then ∫
Ω
|x− p|2αk(x)e−tφ1eU = O (1) . (5.10)
Hence by (5.1), (5.6)-(5.10) we conclude that
Jt (U(ξ)) = −16π(1 + α) log(ε0µ0)− 16π
m∑
i=1
log(εiµi) + 8π
m∑
i=1
(1 + α)G(p, ξi) + m∑
j=i+1
G(ξj , ξi)
+O(1),
which, together with the definitions of ε0, εi in (2.7) and the choices of µ0, µi in (2.12)-(2.13), implies that
expansion (5.5) holds.
Step 2: For any integer m ≥ 1 and any t large enough, let us claim that the following expansion holds
Ft(ξ) = Jt
(
U(ξ)
)
+ o(1) (5.11)
uniformly on points ξ = (ξ1, . . . , ξm) ∈ Ot. Indeed, set
It(ω) =
1
2
∫
Ωt
|∇ω|2 −
∫
Ωt
|ε0y − p|2αq(y, t)eω, ω ∈ H10 (Ωt). (5.12)
By (2.7) and (2.19) we obtain
Ft(ξ) − Jt
(
U(ξ)
)
= It
(
V (ξ′) + φξ′
)− It(V (ξ′)).
Using DIt(V + φξ′)[φξ′ ] = 0, a Taylor expansion and an integration by parts, we give
Ft(ξ)− Jt
(
U(ξ)
)
=
∫ 1
0
D2It(V + τφξ′ )[φξ′ ]
2(1− τ)dτ
=
∫ 1
0
{∫
Ωt
[
N(φξ′) + E
]
φξ′ +W
[
1− eτφξ′ ]φ2ξ′} (1− τ)dτ.
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Thanks to ‖φξ′‖L∞(Ωt) ≤ Ctmax
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ , . . . , ε0γmtβ, ‖e− 12 tφ1‖L∞(Ωt)
}
and the esti-
mates in Lemma 3.2 and Proposition 4.1, we have readily
Ft(ξ)− Jt (U(ξ)) = O
(
tmax
{(
ρ0v0
)min{2,4(α−αˆ)}
t2β ,
(
ε0γ1t
β
)2
, . . . ,
(
ε0γmt
β
)2
, ‖e−tφ1‖L∞(Ωt)
})
= o (1) .
The continuity in ξ of the above expression is inherited from that of φξ′ in the L
∞ norm.
Step 3: Proof of Proposition 5.1. Let ξt = (ξ1,t, . . . , ξm,t) be the maximizer of Ft over Ot. We need to prove
that ξt belongs to the interior of Ot. First, we obtain a lower bound for Ft over Ot. Let us fix the point p as a
strict local maximum point of φ1 in Ω and set
ξ0i = p+
1√
t
ξ̂i,
where ξ̂ = (ξ̂1, . . . , ξ̂m) is a m-regular polygon in R
2. Clearly, ξ0 = (ξ01 , . . . , ξ
0
m) ∈ Ot because β > 1 and
φ1(ξ
0
i ) = 1 +O(t
−1). By (5.5) and (5.11) we find
max
ξ∈Ot
Ft(ξ) ≥ 8π(1 + α)t+ 8πt
m∑
i=1
φ1(ξ
0
i ) + 16π(2 + α)
m∑
i=1
log |ξ0i − p|+ 16π
m∑
i6=j
log |ξ0i − ξ0j |+O (1)
≥ 8π(m+ 1 + α)t− 8πm(m+ 1 + α) log t+O(1). (5.13)
Next, we suppose ξt = (ξ1,t, . . . , ξm,t) ∈ ∂Ot. Then there exist three possibilities:
C1. There exists an i0 such that φ1(ξi0,t) = 1− 1√t ;
C2. There exist indices i0, j0, i0 6= j0 such that |ξi0,t − ξj0,t| = t−β;
C3. There exists an i0 such that |ξi0,t − p| = t−β.
For the first case, we have
max
ξ∈Ot
Ft(ξ) = Ft(ξt) ≤ 8π(1 + α)t+ 8πt
[
(m− 1) + 1− 1√
t
]
+O
(
log t
)
, (5.14)
which contradicts to (5.13). For the second case, we have
max
ξ∈Ot
Ft(ξ) = Ft(ξt) ≤ 8π(m+ 1 + α)t− 16πβ log t+O
(
1
)
. (5.15)
For the last case, we have
max
ξ∈Ot
Ft(ξ) = Ft(ξt) ≤ 8π(m+ 1 + α)t− 16π(2 + α)β log t+O
(
1
)
. (5.16)
Combining (5.15)-(5.16) with (5.13), we give
16π(2 + α)β log t+O
(
1
) ≤ 8πm(m+ 1 + α) log t+O(1), (5.17)
which is impossible by the choice of β in (2.3). 
6. Proof of Theorem 1.1
Proof of Theorem 1.1. According to Proposition 4.1, we have that for any integer m ≥ 1, any points
ξ = (ξ1, . . . , ξm) ∈ Ot and any t large enough, there exists a function φξ′ such that
−∆(V (ξ′) + φξ′)− |ε0y − p|2αq(y, t)eV (ξ′)+φξ′ = m∑
i=1
2∑
j=1
cij(ξ
′)χiZij ,
∫
Ωt
χiZijφξ′ = 0
for some coefficients cij(ξ
′), i = 1, . . . ,m, j = 1, 2. Therefore, in order to construct a solution to problem (2.17)
and hence to the original problem (1.4), we need to adjust ξ in Ot such that the above coefficients cij(ξ′) satisfy
cij(ξ
′) = 0 for all i = 1, . . . ,m, j = 1, 2. (6.1)
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On the other hand, from Proposition 5.1, there is a ξt = (ξ1,t, . . . , ξm,t) ∈ Oot that achieves the maximum for
the maximization problem in Proposition 5.1. Let ωt = V (ξ
′
t) + φξ′t . Then we have
∂ξklFt(ξt) = 0 for all k = 1, . . . ,m, l = 1, 2. (6.2)
Notice that by (5.1), (5.2) and (5.12),
∂ξklFt(ξt) = ∂ξklJt
(
U(ξt) + φ˜(ξt)
)
=
1
ε0
∂ξ′
kl
It
(
V (ξ′t) + φξ′t
)
=
1
ε0
{∫
Ωt
∇ωt∇
[
∂ξ′
kl
V (ξ′t) + ∂ξ′klφξ′t
]
−
∫
Ωt
|ε0y − p|2αq(y, t)eωt
[
∂ξ′
kl
V (ξ′t) + ∂ξ′klφξ′t
]}
.
Then for all k = 1, . . . ,m and l = 1, 2,
m∑
i=1
2∑
j=1
cij(ξ
′
t)
∫
Ωt
χiZij
[
∂ξ′
kl
V (ξ′t) + ∂ξ′klφξ′t
]
= 0.
Since ∂ξ′
kl
V (ξ′t)(y) = Zkl(y)+O
(
ε0t
β
)
and ‖∂ξ′
kl
φξ′t‖L∞(Ωt) ≤ Ct2max
{
(ρ0v0)
min{1,2(α−αˆ)}tβ , ε0γ1tβ, . . . , ε0γmtβ ,
‖e− 12 tφ1‖L∞(Ωt)
}
, by (2.7), (2.14), (2.15) and (2.23) we get the validity of a system of equations of the form
m∑
i=1
2∑
j=1
cij(ξ
′
t)
∫
Ωt
χiZij
[
Zkl(y) + o (1)
]
= 0, k = 1, . . . ,m, l = 1, 2. (6.3)
Note that ∫
Ωt
χiZijZkl(y) =

∫
R2
χ(|z|)Zj(z)Zl(z)dz = Cδjl if i = k,
O
(
ε0γit
β
)
if i 6= k.
Hence the coefficient matrix of system (6.3) is strictly diagonal dominant and then cij(ξ
′
t) = 0 for all i = 1, . . . ,m,
j = 1, 2. As a consequence, we obtain a solution ut to problem (1.4) of the form U(ξt)+φ˜(ξt) with the qualitative
properties as predicted in Theorem 1.1. 
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